Suppose G can be r-colored using colors 1; 2; : : : ; r so that no vertex is adjacent to two vertices colored r. If P V (G) is such that the distance between any two vertices in P is at least 12, then any rcoloring of P extends to an r-coloring of all of G. If there exists an rcoloring of G in which the distance between vertices colored r is at least 4 (resp. 6), then any r-coloring of P extends to an r-coloring of all of G provided the distance between any two vertices in P is at least 8 (resp. 6). Similar results hold if P induces a set of cliques. This continues previous work of the authors 2] on extending (r + 1)-colorings of rchromatic graphs. Examples show that the distance constraints on P are almost sharp. We show that triangle-free outerplanar graphs instantiate our results and speculate on other families of graphs that might have r-color extension theorems.
Introduction
Throughout this paper G will be a graph with (G) = r, r 3. Our goal is to place restrictions on G so that a minimum distance between vertices in P V (G) guarantees that any r-coloring of P extends to an r-coloring of all of G. The restrictions on G are phrased in terms of the existence of an r-coloring of G in which the r th color is used sparingly. 1 Research supported in part by NSA MSPF- 96S-043 In general there is no distance between vertices in P that will guarantee that any r-coloring of P extends to all of G. For example, consider a path of even length and let P be the end vertices. Any 2-coloring of G must assign the same color to both vertices in P. Thus, if we precolor the two vertices of P with di erent colors, we cannot extend this to a 2-coloring of G. Similar examples exist for any r 2].
In contrast if we allow an extra color, every (r + 1)-coloring of P extends to an (r + 1)-coloring of G provided the distance between any two vertices of P is at least 4 1] . If P induces k-cliques there are similar theorems about (r + 1)-colorings 2]. Surveys place these theorems in context 4, 6] .
The proofs of the above mentioned results start with an arbitrary rcoloring of G and then adjust the colors on P by switching the colors on Kempe chains. The extra color is used on every Kempe chain, thereby limiting the extent of the color changes. The current paper does not need the extra color, but instead uses the sparse distribution of the r th color in the original coloring to limit Kempe chains.
Notation: Let d denote the minimum distance between vertices in P (or between k-cliques in the induced graph of P). Consider all possible rcolorings of G, and choose one that maximizes the minimum distance between vertices colored r. We use d r to denote this distance. For each r-colorable graph with d r 3, there is a critical distance so that if d is at least this distance then any r-coloring of P extends to an r-coloring of G. We denote by = (d r ) the maximum critical distance over all r-colorable graphs with xed d r .
Section 2 proves the r-color extension results when P consists of a set of isolated vertices. Section 3 presents examples that give lower bounds for .
In Section 4 we consider precolored k-cliques and give both upper and lower bounds for . Section 5 shows that outerplanar graphs with restrictions on their girth meet the hypotheses of our rst theorem. In Section 6 we speculate on other families that might have r-color extension theorems. 2 2 P are at distance 6 or 7. For the Kempe chains from these vertices to interfere it must be that they extend a distance of 3 from their respective vertices. So each of v 1 ; v 2 had a vertex colored r within distance 2 and positioned along a path of length 6 or 7 between v 1 and v 2 . But then these two vertices colored r are closer than 6, contradicting our assumption on d r . 2 
Precolored isolated vertices

Lower bounds on
Assuming that G can be r-colored using color r on vertices no closer than d r , Theorem 1 gives upper bounds for . Here we construct graphs that give lower bounds for these critical distances.
Our graphs are built from chains of cliques K r?1 and K r . The K r 's are placed d r apart. We label the vertices in the cliques with numbers 1 through r ? 1, or 1 through r. Two adjacent cliques on a chain are joined by all possible edges minus a perfect matching of their vertices labeled 1 to r ? 1.
We can r-color this chain using the color corresponding to the label for each vertex. Color r is used only on the K r 's, so vertices colored r are distance d r apart. Now consider any r-coloring of such a chain. Any K r?1 adjacent to a K r must receive the same color pattern as the rst r ? 1 vertices in the K r .
Any two adjacent K r?1 's must have color patterns di ering in at most one position. We term this a color transition. To illustrate, we show a legal color pattern on a chain of length 5 with r = 4 and d r = 3. As we move along the chain, color transitions are made only when two K r?1 cliques are adjacent. In the example we start with the color pattern 1234 on one end. To change to a color pattern with 2 in position 1 requires two color transitions, so can be accomplished in this chain but in no shorter chain.
These chains are our building blocks. We construct two types of graphs:
both are formed by joining r chains together at a central clique (or a central clique of cliques). P will consist of the rst vertex in each clique that has maximum eccentricity (i.e., each leaf clique). We precolor P using each color exactly once. We make the chains short enough so it is not possible to make the transition from any xed color pattern on the central clique (or cluster of cliques) to each of the outer cliques.
To specify our graphs it is convenient to use A and B to represent K r and K r?1 , respectively. A Type I graph uses chains with structure ABBAB ( If d r 6, we use a Type I graph with chains of the form ABB. The vertices in P are distance 4 apart. Again these chains allow only one color transition, which is not enough to extend the given coloring of P to all of G. 2)e then any r-precoloring of P extends to an r-coloring of G.
Our constructions from Section 3 again give lower bounds for , the critical distance that guarantees a color extension. In 2] the authors consider re nements of these arguments. For instance, if k r < 2k, the number of Kempe chains needed to correct the colors on a k-clique in P is bounded by k + br=2c. Here this means the upper bound for is smaller. For instance, when r = k, is bounded above by 9k.
Extending colorings in outerplanar graphs
An outerplanar graph is a graph that can be drawn in the plane so all vertices appear on the boundary of one face. A simple induction argument shows that outerplanar graphs are 3-colorable. We show here that triangle-free outerplanar graphs satisfy the hypotheses of Theorem 1.
Theorem 6 A triangle-free outerplanar graph can be 3-colored using the 3 rd color on vertices no closer than 3 apart. Moreover if the girth of an outerplanar graph is 2t, then d r t + 1.
Proof We proceed by induction. First construct the block-cutpoint graph of G. This graph must be a tree, so we focus on a block that corresponds to a leaf. If this block is a cycle, it has one cutpoint. Remove the cycle leaving the cutpoint, inductively color the rest of the graph, and then insert the cycle again. If the cutpoint receives color 3, we color the reinserted path with colors 1 and 2. If not, and if the cycle is an even cycle, we again use only colors 1 and 2. If the cycle is odd, and the cutpoint is colored 1 or 2, we are forced to use color 3, but no closer than distance 2 from the cutpoint. So this vertex colored 3 is no closer than 3 from any other vertex colored 3.
If the block is not a cycle, we construct the reduced dual graph of this block by placing a vertex in every face except the outer face. This dual graph must be a tree, since any cycle in the dual graph would surround a vertex not on the outer face. If possible choose a leaf of the tree that corresponds with a face not incident with the cut point. If every face in the block is incident with the cutpoint, then choose either leaf. This face shares exactly one edge with one other internal face. Thus there must be a path of length at least 3 along the boundary between this face and the outer face. Label the vertices of this path v 1 ; v 2 ; : : : ; v t . Remove the vertices v 2 ; : : : ; v t?1 , and by induction 3-color the rest of the graph with color 3 used on vertices no closer than distance 3. Now put the path back in. Since the end vertices v 1 and v t are adjacent, they cannot receive the same color. If either of these vertices is colored 3, or if the path has odd length, color the path alternately with colors 1 and 2. If the path is even, it must be at least length 4. Thus we can safely use color 3 on v 3 knowing that it is at least distance 2 from the end vertices and therefore is at least distance 3 from any other vertex colored 3. The remaining vertices can be colored with colors 1 and 2.
The proof for large girth is similar. 2 
Open Problems
Edge coloring:
From Vizing's theorem we know that a graph with maximum degree can be ( + 1)-edge colored. If 0 (G) = (G), then there will be a ( + 1) color extension theorem. By our results here such an extension theorem will also exist if G can be edge colored so that no edge is incident with two edges colored + 1. But stronger results may be obtained using other approaches.
Conjecture 1 Suppose P E(G) is such that the distance between any pair of edges in P is at least 3. Any ( + 1)-edge coloring of P extends to a ( + 1)-edge coloring of all of G.
Juvan, Mohar, and Skrekovski 3] have shown that Conjecture 1 is satis ed when = 3. Suppose G is a graph with (G) = 3 and H is any subgraph with (H) 2. They have shown that if every edge with both ends in H is assigned a list of 3 colors and every remaining edge is assigned a list of 4 colors, then G can be 4-edge list colored. To apply that here, precolor any set of edges whose pairwise distance is at least 3 and remove these precolored edges from the graph. Every remaining edge can be colored with any of our four original colors if it is not incident with a precolored edge and three colors if it is incident with a precolored edge.
Coin graphs:
A coin graph is constructed by placing non-overlapping, identically sized coins in the plane. We place a vertex at the center of each coin, and connect two vertices if their corresponding coins touch. These graphs are 4-colorable since there exists a coin with at most three neighbors.
Pach and Toth 5] give a coin graph with 19 vertices that requires 4 colors. Building on this pattern, we have constructed a coin graph that requires the use of the 4 th color on vertices a distance 5 apart.
Conjecture 2 For any coin graph d r 5. Conjecture 3 If G is a coin graph and P V (G) is such that the distance between any two vertices in P is at least 8, then any 4-coloring of P extends to a 4-coloring of G.
The preceding conjecture may hold with a smaller bound on d.
